The mixing properties of a transverse jet are important to a variety of engineering applications. This study seeks to develop actuation strategies that manipulate the geometry and rate of mixing between jet and crossflow, based on a mechanistic understanding of vorticity structure and evolution. Previous studies have shown that vorticity from both the jet boundary layer and the channel wall boundary layer may affect the evolution of the transverse jet. We present a new construction accounting for both sources of vorticity and derive an analytical description of vortex filament geometry in the near field of the jet, showing dependence on parameters that describe unsteady actuation at the jet nozzle. Three-dimensional vortex element simulations of the transverse jet using this construction reveal the mechanism by which a counter-rotating vortex pair forms in the transverse jet flow field, in a manner consistent with our earlier studies. 7, 16 We further demonstrate agreement between these simulation results and jet trajectories obtained from a recent scaling analysis. 2
Introduction
The mixing properties of the transverse jet-a jet issuing normally into a uniform crossflow-are important to a variety of engineering applications. Transverse jets may function as sources of fuel in industrial furnaces, or as diluent jets for blade cooling or exhaust gas cooling in industrial or airborne gas turbines. Other industrial applications include pipe tee mixers and jets of oil and gas entering the flow in oil wells. Transverse jets have also been studied extensively for their relevance to V/STOL aerodynamics and to environmental problems such as pollutant dispersion from chimneys or the discharge of effluents into the ocean.
Enhancement of the mixing rate between jet and crossflow can lead to significant improvements in many performance aspects. In gas turbines, for instance, better transverse jet mixing is essential to achieving a wider range of operability, lower emissions, smaller size, and lower noise output. The ultimate objective of this work is to develop control strategies for the transverse jet that manipulate the mixing rate between the jet fluid and the crossflow. To this end, we develop models that capture the fundamental processes responsible for entrainment and subsequent mixing of fluid from the crossflow into the jet and the response of these processes to actuation.
Prospects for control are supported by numerous experimental studies which report the presence of a small number of large-scale coherent structures in the flow field.
1, 2 Experimental observations by Fric and Roshko 3 identify four such structures in the transverse jet: jet shear layer vortices; "wake vortices" arising from interaction between the jet and the channel wall boundary layer; horseshoe vortices that wrap around the jet exit; and a counter-rotating vortex pair that forms as the jet bends into the crossflow, persisting far downstream. The first two structures are inherently unsteady, while the last two are present in the mean flow, though with significant unsteady components. 4 The overall structure of the flow field is governed by the jet-to-crossflow momentum ratio
written here as an effective velocity ratio, where ρ j and V j are the density and mean velocity of the jet, while ρ ∞ and U ∞ are the density and velocity of the crossflow.
We construct a computational model of a transverse jet in which actuations may be imposed as timedependent boundary conditions. We seek to understand the vortex dynamics of the actuated flow, in particular the dynamic response of large-scale vortical structures, such as the counter-rotating vortex pair, to various modes of actuation. An accurate representation of vorticity introduced into the flow field at each timestep is essential for this purpose. Experiments 3, 5 and previous computational studies 6, 7 have shown that vorticity from the both the jet boundary layer and the channel wall boundary layer may affect evolution of the transverse jet. This work derives boundary conditions that account for both sources of vorticity, advancing the state of the art over previous computational studies 7, 8 and analytical models.
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The new construction captures key subtleties in the physics of the unforced transverse jet, and also provides a general framework with which to describe the vorticity associated with actuation processes. Straightforward actuation, such as pulsing of the jet, alters the interplay of jet boundary layer vorticity and channel wall vorticity, particularly during periods of low r. A vorticity-based model of pulsed actuation must necessarily account for these dynamics. Indeed, we show that jet trajectory may be altered dramatically by small changes in the non-azimuthal vorticity entering the flow. Candidate actuation processes, other than pulsing of the jet flow, therefore include perturbations to the azimuthal or wall-normal components of vorticity along the nozzle edge; these perturbations may be realized with tabs or microactuators.
Numerical formulation
A three-dimensional vortex element method 10-13 is used to develop computational simulations of an unsteady, incompressible transverse jet at large Reynolds number.
7, 14 The Lagrangian vortex method provides an attractive model of the transverse jet, first of all for its explicit link to the formation and dynamics of vortical structures in the flow. Vorticity introduced at the boundary is tracked through the flow field, providing a clear, mechanistic view of its evolution. Also, inherent in the grid-free nature of the method is a dynamic clustering of computational points only where they are needed, i.e., over the small support of the vorticity field. These methods solve the equations of motion for inviscid, incompressible flow in vorticity transport form, where ω = ∇ × u:
Numerical solution proceeds by discretization of the vorticity field onto overlapping vector elements, each centered at χ c i with volume dV i and vorticity ω i :
The vorticity associated with each element is localized by a radially-symmetric core function f δ (r) of radius δ, where
Here we employ a cubic Gaussian core function proposed by Leonard 12 and shown to yield a second-order discretization.
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Given a distribution of vorticity ω, the vortical velocity u ω may be recovered from the Biot-Savart law
A potential velocity field u p = ∇φ is added to the vortical velocity to satisfy normal-velocity boundary conditions n · u on ∂D.
Boundary generation of vorticity
We now discuss boundary conditions particular to the simulation of the transverse jet flow field. In the subsequent expressions, all variables are made dimensionless by d, the jet diameter, and U ∞ , the velocity of the uniform crossflow. The crossflow is directed in the positive x direction; the jet centerline is aligned with the y axis; and the z axis is in the spanwise direction. Except on the disc of the jet orifice, the x-z plane is taken to be a solid wall through which we enforce a no-flow boundary condition.
Vorticity produced in the jet boundary layer (i.e., in the pipe below the y = 0 plane) is represented by a single sheet of azimuthal vorticity. Introducing this vorticity into the flow every ∆t noz time units, we divide it among n vortex elements distributed along the edge of the jet nozzle, where ∆θ = 2π/n. These elements have weight
whereê θ is the tangential unit vector in the x-z plane.
Upstream of the jet, vorticity produced in the channel wall boundary layer initially points in the negative spanwise (−ẑ) direction. Our interest lies in the interaction of this vorticity with the jet flow immediately around the nozzle edge; in particular, we wish to model channel wall vorticity carried upward by the jet, as this is the vorticity that will affect the evolution of the jet trajectory over the range of r. Thus we do not attempt to resolve events in the wall boundary layer away from the jet nozzle, as these have a diminished role in determining jet dynamics for r > 1.
1
By considering the slip of crossflow velocity over the edge of the jet orifice, or, alternatively, the penetration of crossflow velocity into the jet fluid at the wall, we now derive perturbations to the vortex element strengths given in (6) . These perturbations, due to channel wall boundary layer vorticity, are O(r) rather than O(r 2 ).
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First, consider the slip of crossflow velocity over the edge of the jet orifice. In polar coordinates (r, θ) centered at the origin of the x-z plane, the radial component of this slip velocity is canceled locally by an azimuthal vortex sheet of strength γ = − cos θê θ . These vortex sheets are shed a distance r∆t noz /2 into the flow every timestep. Again dividing this vorticity over n = 2π/∆θ elements distributed along the nozzle edge, we obtain
for the vortex element strengths due to this interaction.
Next we observe that crossflow velocity does not penetrate into the jet at y = 0. This requires a velocity discontinuity in theê θ direction, which corresponds to a vortex sheet of strength γ = sin θê y . Thus the interaction of crossflow vorticity with the jet results in wall-normal vorticity; this idea is confirmed heuristically by considering the tilting of a spanwise material line that encounters either spanwise extremity of the jet. Again, we expect these vortex sheets to be shed at the local flow velocity, i.e., r∆t noz /2 every timestep. Dividing the vorticity over elements along the nozzle edge, we obtain element strengths as:
A final constraint arises from kinematic considerations. In cylindrical coordinates, for vorticity confined to a sheet emanating from the nozzle edge, the solenoidality constraint on the vorticity field ∇ · ω = 0 requires
Each new set of vortex elements represents vorticity in the flow for 0 < y < r∆t noz /2. We thus introduce elements so that their centers lie at y = r∆t noz /4. Summing jet and channel-wall boundary layer contributions to vortex element strengths and enforcing (9), we obtain the following expression for the total strength of the vortex elements introduced at each timestep:
It is worthwhile to contrast the present vorticity formulation with other vortex models of the transverse jet. Our earlier computational effort 7 neglected vorticity in the crossflow boundary layer, focusing only on the evolution of jet azimuthal vorticity; this approximation is discussed therein and its effect will be noted in the results section below. Another recent vortex filament simulation of the unforced transverse jet 8 enforces a no-slip boundary condition along the channel wall by modifying the uniform crossflow with a cubic boundary layer profile near the wall. This boundary layer profile corresponds to a finite vorticity, yet this vorticity is not allowed to evolve, i.e., to obey the dynamics of equation (2), nor is it carried into the main flow by the jet.
Closed vortex filaments in the near field
As a further modeling step, we provide a description of continuous, closed vortex filaments representing the vorticity field derived above. For the purposes of detailed simulation, closed vortex filaments are numerically convenient; they guarantee that the numerical representation of the vorticity field remains divergence-free and conserve many fundamental invariants of three-dimensional inviscid flow.
13 Knowledge of filament geometry also provides a deeper physical understanding of the flow, particularly in the context of filament folding mechanisms shown to be responsible for formation of the counter-rotating vortex pair.
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From the derivation detailed above, we can write the vorticity field near the nozzle, i.e., for 0 < y 1, as:
Dividing by the desired filament circulation Γ = r 2 2 ∆t, we seek integral curves of the vector field
The resulting space curve ζ(s) = p(s)ê θ + q(s)ê y can be obtained as the solution of two ODEs:
A solution of these coupled ODEs can in fact be written analytically. For larger r, the resulting vortex filament is flat and ring-like, as jet azimuthal vorticity dominates; for smaller r, the vortex filament is more "kinked" in the y-direction. The geometry of the initial vortex filament entering the flow is shown in Figure 1 for r = 7. The vortex filament construction here can be generalized to arbitrary perturbations to the primary jet azimuthal vorticity-that is, arbitrary vorticity actuations at the nozzle edge.
Here, f (θ) is a perturbation to the azimuthal vorticity and g(θ) is perturbation to the axial vorticity; both functions could be O(r). Once again, solution of simple ODEs, analogous to (13), yields the geometry of the closed vortex filaments entering the flow at the jet orifice.
Transverse jet simulations
We now briefly discuss integration of the governing equations using the vortex elements. Vortex elements, whether lying on partial filaments or closed filaments, are described by cubic splines supported by a finite set of nodes. Nodes are advected by the local velocity field; a second-order predictor/corrector method with timestep control is used for this purpose. Advecting the nodes accounts for deformation of the material line δχ i , and thus for stretching and tilting of the vorticity ω i dV i , since vortex lines and material lines coincide. When the length |δχ i | of a given element exceeds 0.9δ, a new node is added at the midpoint of the element, thus splitting the element into two connected elements. Cubic spline interpolants are used to calculate the location of new nodes, and, indeed, to calculate δχ i itself from the tangent vector at each element center.
Jet outflow is represented by a semi-infinite cylindrical vortex sheet of radius d/2 extending from y = 0 to y = −∞, with strength γ = 2rê θ . The vorticity in this cylinder is mollified by a core function identical to that used with the computational vortex elements. This matching is crucial. An unmollified cylindrical vortex sheet, or, equivalently, a uniform distribution of potential sources over the jet orifice with surface source strength 2r, 7 yields a singularity in the radial velocity at the nozzle edge when paired with the computational vortex elements.
The crossflow velocity is given by the potential φ ∞ = x. Image vortex elements are used to model the behavior of vorticity in the semi-infinite domain, i.e., to enforce no-flow through the channel wall y = 0. Writing the vorticity in the domain componentwise ω = (ω x , ω y , ω z ), the image vorticity has components ω img = (−ω x , ω y , −ω z ).
Further detail on the time integration scheme, cubic spline interpolation, mesh refinement, and potential flow, as well as a discussion of numerical convergence, can be found in our earlier work.
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The present computations are performed on a massively parallel supercomputer. To speed the evaluation of the velocity field, we make use of an adaptive treecode introduced by Lindsay and Krasny.
18 Parallel implementation of this treecode, or indeed any hierarchical solver, introduces a number of computational and geometric challenges. We introduce clustering algorithms for parallel domain decomposition in this context, as well as new heuristics for dynamic load balancing; this development is detailed elsewhere.
19 Simulations reported below contain as many as 2.5 × 10 6 vortex elements.
In addition, we employ filament-based hairpin removal algorithms to curb the numerical proliferation of small length scales.
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Results
Boundary conditions and jet trajectories
Figures 2 and 3 show instantaneous velocity vectors and streamlines on the centerplane z = 0 at t = 3.20, for simulations with r = 7. The simulation in Figure 2 introduces vortex elements containing only jet azimuthal vorticity, i.e., with strengths given by equation (6) . The simulation in Figure 3 introduces vortex elements that additionally account for the interaction of channel wall vorticity with the jet, i.e., with strengths given by equation (10) . Contours indicate the total velocity magnitude u 2 . In both simulations, the time interval for introducing new filaments at the nozzle was fixed at ∆t noz = 0.02.
The comparison in these two figures clearly illustrates the effect of nozzle-edge vorticity on the near field trajectory of the jet. Neglecting vorticity in the jet channel wall boundary layer results in a jet initially angled downstream from the vertical, inconsistent with experimental observation. Modeling the interaction of channel wall vorticity with the jet, however, results in a jet trajectory initially normal to the wall, matching experimental observations and correlations. Additional validation may be obtained may be comparing these numerical results with correlations and scaling laws for the jet trajectory. Hasselbrink and Mungal 2 perform an extensive scaling analysis of the transverse jet and derive an analytical expression for the near-field trajectory, where the trajectory is defined as the mean streamline emanating from the center of the jet:
Here c ej denotes a near-field entrainment coefficient; we use the value c ej = 0.32 as suggested by Ricou and Spalding. 21 This analytical trajectory is shown in Figure 4 , along with the instantaneous center streamlines obtained from simulations at r = 5 and r = 7. Initial agreement between the simulation and the scaling-law model is good, although the instantaneous streamlines exhibit wiggles around periodic vortical structures, as expected. Moderate deviations downstream may be due to a variety of factors. For one, the near-field scaling law in (15) transitions to a different 1/3 powerlaw trajectory for the jet far-field, and it is not clear where this transition should occur, and how this location should depend on r. Also, while the 1/2 exponent in (15) results from a well-founded series of similarity assumptions and other approximations, experimentalists have reported a range of different values, typically from 0.28 to 0.34. Finally, it is important to note that the downstream section of each numerical trajectory represents a jet envelope that is still evolving downstream in time, and that vortical artifacts of jet startup have yet to convect far away enough to have negligible effect.
Vortex dynamics and the counter-rotating vortex pair Figure 5 provides a clear overview of the dynamics of a starting transverse jet, using the vorticity formulation of (6) with r = 7. Vortex elements, here partial filaments, are shown in 3-D perspective. Several important features are apparent. The grouping together of vortex filaments indicates rollup of the jet shear layer into physical vortex rings, resulting from a Kelvin-Helmholtz-like instability; this is particularly visible on the upstream (windward) side of the jet. These rings then seem to tilt out-of-plane, with the deformations initiating on the lee side of the jet. The evolution of the vortex rings subsequent to this deformation actually reveals the mechanism of formation of the counter-rotating vortex pair, and is better illustrated in Figure 6 .
In Figure 6 we again consider vortex elements from simulation of an r = 7 jet, but show only those elements that were introduced betweent = 1.51 and t = 1.54 (where the time is non-dimensionalized by the crossflow convective time scale d/U ∞ ). Because they contain multiple components of vorticity whose relative strengths vary along the azimuthal coordinate, the elements are initialized on disconnected vortex filaments. Over the course of the simulation, these filaments grow in length and are constantly remeshed in response to flow strain. The initial arrangement of vortex elements, however, is essentially along a ring, and the filaments collectively maintain this coherence as they evolve. Thus it is meaningful to speak of the geometric transformations of a "ring" when describing the collective evolution of this group of vortex elements.
Successive snapshots in Figure 6 show that as the ring is convected downstream, its lee section is lifted upwards and tilted upstream relative to its windward section, morphing the ring into two arcs connected with straighter segments aligned with the local jet trajectory. Returning to Figure 5 , one may observe that lee and windward sides of neighboring vortex rings merge on the windward side of the jet, cancelling vorticity in a plane normal to the jet trajectory and leaving only a counter-rotating vortex pair. This mechanism matches that first reported in our earlier study, 7 yet the present simulation incorporates a much more complete vorticity formulation. The result is crucial: the inclusion of channel-wall boundary layer vorticity does not disrupt the tilting and folding of vortex rings responsible for CVP formation.
The ring-folding mechanism motivates an interesting connection to the trajectories and scaling analysis discussed above. Jet centerline trajectories in Figure 4 match Hasselbrink and Mungal's "near field" 1/2 power-law trajectory quite well until a certain critical value of y/d (or y/rd); then, the trajectories continue with a shallower penetration into the flow. (This is particularly visible for the r = 7 results, at y/rd = 0.65.) The same similarity analysis yields a 1/3 power-law for the far field, which does indeed correspond to shallower trajectories. The folding of vortex rings suggests a mechanism governing the transition from near to far fields. Before rings have folded, the jet is quite upright, dominated by the cylindrical shear layer; after the rings fold and merge, the evolution of the jet is dominated by the counter-rotating vortex pair. Folding and merging comprise the key topological change in the evolution of vorticity field, replacing one set of vorticity dynamics with another. It is possible that this demarcation of the vorticity dynamics bears some correspondence to the near-and far-field jet behavior obtained by intermediate asymptotic similarity, and that the folding of vortex rings to form the counter-rotating vortex pair provides a mechanistic explanation of the transition. While the folded state depicted in Figure 6 (c) is obtained at a different time than the r = 7 trajectory in Figure 4 , the y/rd coordinate at which the neighboring vortex arcs have completely merged on the windward side of the jet roughly corresponds to the point at which the jet centerplane trajectory departs from the near-field power law.
Near-field vortex lines
A confirmation of the analytical model for closed vortex filaments in the near field of the transverse jet is presented in Figure 7 . Here, the solid curves are vortex lines of the numerical vorticity field-i.e., lines obtained by numerical integration of the vorticity of an r = 7 jet att = 1.4, i.e., a time by which the vorticity field several diameters above the jet nozzle has matured. Dashed lines are obtained from integration of the ODE system in (13) . Agreement is quite good. Slight discrepancies may be due in part to the finite spatial resolution of the numerical vorticity field, here obtained for σ = 0.05, h/σ < 1, compared to the continuous field used to derive the analytical filaments.
Conclusions
Vortex dynamics in the flow field of an incompressible, high-Reynolds number transverse jet are explored with a three-dimensional vortex element simulation. A new vorticity formulation developed in this study captures the essential behavior of the unforced transverse jet in the near-and intermediate-fields. In particular, the interaction of vorticity in the crossflow boundary layer with the jet's azimuthal vorticity is shown to be essential in predicting the near-field jet trajec-tory and in obtaining agreement with scaling laws. In the intermediate field, vortex rings carrying both jet and crossflow vorticity deform out-of-plane, fold, and merge, creating the counter-rotating vortex pair, which then persists into the far field.
An additional observation may be made: Figures 2  and 3 show significantly different jet trajectories, yet the vorticity entering the flow in Figure 3 essential adds only axial and azimuthal perturbations to the primary jet vorticity. In particular, the relative magnitude of these perturbations is O (1/r) , approximately 10%. The resulting difference in trajectories suggests that small axial and azimuthal vorticity perturbations can serve as useful actuation inputs.
Finally, we develop an analytical model of closed vortex filaments in the near field of the jet and confirm this model in numerical simulations. This model provides a compact, physically revealing description of key actuation inputs. The shape and circulation of filaments entering the flow is shown to depend on the distribution of axial and azimuthal vorticity along the nozzle edge and on the jet-to-crossflow velocity ratio r.
Ongoing simulations build on this preliminary study of jet actuation to focus on several actuation inputs. We examine the role of jet pulsing-i.e., varying the frequency, amplitude, and duty cycle of r(t). Pulsed actuation has been explored in some experimental studies, 17, 22 but the relationship between optimal pulsing and the transverse jet's preferred modes or shear layer dynamics remains unexamined. In addition, we are generalizing the results of Figure 3 to examine more general sets of perturbations to the vorticity field along the nozzle edge. These actuations correspond to choosing the functions f (θ) and g(θ) in (14) . Continuous filament models as derived above will be employed as illustrative physical models and in numerical simulation. 
